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Abstract
In this paper we study generic features of nonlocal charges obtained from marginal
deformations of WZNW models. Using free fields representations of CFTs based
on simply-laced Lie algebras one can use simple arguments to build the nonlocal
charges; but for more general Lie algebras these methods are not strong enough to
be generally used. We propose a brute force calculation where the nonlocality is
associated to a new Lie algebra valued field, and from this prescription we impose
several constraints on the algebra of nonlocal charges. Possible applications for
Yang-Baxter and holographic T T¯ and T J¯ deformations are also discussed.
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2
1 Introduction and statement of the problem
Marginal deformations
Integrable deformations of conformal theories form a powerful method to probe physics near a
fixed point theory. When the deformation is exactly marginal, we still have, by definition, the
constraints imposed by conformal symmetries. When one can additionally consider supersym-
metry, gauge symmetry and so on, the final deformed theory can be still manageable from the
computational viewpoint. On top of that, integrability may also be taken into account, and
in that case it is possible to compute the S-matrix, correlation functions and other observables
with a certain degree of generality, although the integrable deformed models are not, obviously,
completely tamed.
Deformations of the boundary CFTd−1 correspond, from the AdS/CFT correspondence
viewpoint [1], to deformations of the dual AdSd × M10−d string solution. When the CFT
modification is defined by an exactly marginal operator, the AdS part of the string background
remains unchanged, which means that only the internal manifold Md−10 suffers modifications,
as expected. On the other hand, it might happen that the boundary CFTs are deformed by
(marginally) relevant or irrelevant operators, and it implies that the deformations necessarily
modify the AdSd space.
We are obviously interested in all these situations. Exactly marginal deformation is a necessary
tool to classify CFTs and understand the geometrical and physical aspects of the moduli spaces. In
two dimensions, it is the first step towards a complete classification of the string theory solutions
which may ultimately describe the universe we live in. But we also need to consider the possibility
that marginal deformations also receive quantum corrections and break the conformal symmetries.
Therefore it is mandatory to develop methods to study the resulting symmetries when we leave
the fixed point theory, and it means that we need to consider relevant deformations of CFTs.
The resulting massive theories are quite generally harder than the undeformed models, but one
might hope some progress towards their understanding if we assume integrable deformations of
the CFTs.
One remarkable example of an exactly marginal perturbation in four dimension is given by the
Leigh-Strassler deformations of N = 4 Super Yang-Mill [2], which give conformal theories with
N = 1 supersymmetry. Within the AdS/CFT context [1], the four dimensional Leigh-Strassler
theories provide examples of CFTs with corresponding AdS5 ×M5 dual solutions obtained as
deformations of the AdS5 × S5 solution. The gravity dual to the Leigh-Strassler theories are not
known in general, but for β-deformations the dual supergravity solution has been built through
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sequence of a T-duality followed by a shift, and a second T-duality (TsT-transformation) of the
AdS5 × S5 solution [3], see also [4].
Moreover, the Lax pairs of the TsT-transformed solutions have been found in [5], and
these objects settle the classical integrability of the deformed models. Interestingly enough,
the TsT transformation is just one example of a bigger and more powerful set of integrable
deformations, namely the so called Yang-Baxter deformations [6–10]. Associating these new
integrable backgrounds to their elusive holographic dual, one can learn a big deal about the
surprising mathematical and physical aspects of a vast collection of quantum field theories,
see [11–42] for a non-exhaustive list of references.
Nonlocal charges from marginal deformations
Two dimensional theories are of great interest for string theorists and statistical physicists.
Fortunately enough, conformal symmetry and integrability in two dimensions are much more
restrictive thanks to holomorphicity properties. As one important example of the power of two
dimensional theories for our present work, there is a theorem which determines the necessary
and sufficient conditions for exactly marginality of 2D CFT deformations given by a product
of holomorphic and antiholomorphic currents, namely O(1,1) = J(z)J¯(z¯) [43, 44], see also [45].
Additionally, it has been argued that this class of marginal deformations can be written as O(d, d)
transformations [41, 42, 45–51]. In this respect, the authors [42] extended important results on
integrable exactly marginal deformations of two dimensional CFTs using O(d, d) deformations,
and they have also shown how to build the nonlocal Lax pairs of the deformed models which
guarantee their classical integrability.
We should remark that integrable theories are often defined in terms of commuting local
conserved charges, but for some special models it is known that integrability can be equivalently
formulated in terms of noncommuting local and nonlocal charges, and it is the most important
concept behind the Yangians. As for the very definition of integrability, there exists good reasons
to study the presence of nonlocal charges in local field theories, but it is definitely not limited
to this aspect. In other words, nonlocal charges also have prominent role in condensed matter
theories, in anyonic and parafermionic statistics, superselection sectors and in the axiomatization
of quantum field theories. As we shall see in the text, one may think of these nonlocal objects as
analogues of the ’t Hooft operators; consequently, a better terminology for these nonlocal charges
would be disorder operators.
The analogy with ’t Hooft operator become even more conspicuous with the observation Ricci,
Tseytlin and Wolf [52] that have shown how local (Noether) charges and nonlocal charges are
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exchanged by T-duality. This result is similar to the well known fact that Wilson loops and ’t
Hooft operators are exchanged by Hodge duality. Notwithstanding the limitation of this simple
analogy, this idea underpins the current work at the most fundamental level: We want to find
the algebra of a collection of disorder operators obtained from deformation. Additionally, as the
authors of [42] pointed out, nonlocality of the Lax pair should not be considered as a surprise
since these charges induced by the nonlocal Lax pairs may be thought of as a result of the stringy
aspects of their approach. In other words, it should be considered as a benefit rather than a
drawback of this analysis.
Motivation
The scrutiny of these nonlocal charges cannot be thought of as a simple refinement of quantum
field theories. In the way we understand these objects nowadays, they suddenly appear in different
corners of physics, but there is no complete understanding of their general properties whatsoever.
On the other hand, the argument that we are deepening our comprehension of field theories could
be used to justify a very broad variety of research lines. In fact, the present paper was driven by
a series of pragmatic questions. First of all, as we said before, the authors of [52] have shown
how T-duality exchanges local and nonlocal charges. Although their analysis are inspired by
one specific scenario, the original AdS5/CFT4 duality, one may ask if it is possible to devise a
situation where all local charges, and consequently their algebras, are dualized (or deformed) to
nonlocal charges with a consistent corresponding algebra.
Furthermore, classical nonlocal charges have also appeared in the Yang-Baxter literature,
see for example Frolov [5] in his analysis of the integrability aspects of the Maldacena-Lunin
background. It has been also suggested that the resulting symmetries of Yang-Baxter deformed
models are obtained as Drinfel’d twists [10,19,31,32,53–55] of the original symmetries. Hence, one
may also expect the same twists extended to the Yangian structure of the N = 4 SYM [56–60].
In other words, when we have an integrable system with known Yangian symmetry, one may
naturally expect the the resulting deformed model is also endowed with a Yangian obtained from
the twist of the original one.
These two aspects show how our methods to build nonlocal charges strongly rely on the
integrability of models. Quite remarkably, Matsumoto and Yoshida [10, 53] may teach us how
we can leave the integrable systems realm. They have also shown that the deformed currents
can be written as nonlocal gauge transformations of local currents. One important aspect of
this particular result is that it closes the question on the existence these nonlocal objects after
Yang-Baxter deformations: they are quite ubiquitous. Consequently, once again we may ask
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ourselves if it is possible to consider a model (not necessarily integrable) so severally deformed
that all global conserved charges are converted into nonlocal ones.
Summary of the paper
Therefore we have some distinct but complementary problems summarized as follows. Given a
generic, not necessarily integrable, deformation of the CFT, we would like to know if, and how,
one can define the nonlocal charges of the deformed theory in terms of the undeformed local ones.
This babe problem is summarized in the case b) in the table below. Observe that knowing how
the nonlocal charges of the original theory changes under deformation is an important step if we
want to know how the Yangians are deformed, for that reason it would be of great interest to
understand all of the following four maps
a) local 7→ local b) local 7→ nonlocal
c) nonlocal
?7→ local d) nonlocal ?7→ nonlocal
As for the existence of these charges, inspired by the ideas of Bernard and LeClair [61], briefly
described in section 2.3, we propose a very economical approach to define nonlocality in section
3.1 via free field representations of the CFTs. As we will see, an important consequence of this
construction is that the CFT Hilbert space structure is preserved. Sadly enough, if the symmetry
group is sufficiently large the calculations become cumbersome very fast, and it is obviously an
unavoidable drawback of this approach.
Inspired by the same methods of [61] and by the deformations via nonlocal gauge transforma-
tions of Matsumoto and Yoshida [10,53], we will try a daring proposal to describe the nonlocal
currents in section 3.2. We conjecture the existence of a ĝk-algebra valued field which defines the
massive theory obtained by deformations. The CFT limit of this new field is given by the sum of
left- and right-currents which define the Kac-Moody algebras gˆL × gˆR. More specifically, the field
can be written as A = L+ R¯ and satisfies our beloved free fields equation of motion ∂∂¯A = 0 at
the fixed point. In other words, A is fairly trivial as an object in the CFT, but it may become a
fundamental dynamical object in the deformed theory, and understanding its role for nonlocal
charges is part of our proposal in section 3.2.
Additionally, this second brute force proposal is much more general and allows us to understand
the Hilbert space structure of the deformed theory. As a matter of fact, the Hilbert space
decomposition of the CFT is not generally preserved under relevant deformations, and imposing
this decomposition, see for example in [62], seems to be a bold conjecture in the current state of
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affairs. From the technical point of view, it means that the deformed currents OPEs have nontrivial
structures and that the usual decomposition between holomorphic and and anti-holomorphic
sectors do not exist if the deformation is not exactly marginal. In section 4 we start developing
some methods to study these OPEs, and the algebras generated by the charges.
In section 5 we try to see how these ideas may be applied (in spite of the current limitations) to
Yang-Baxter, and in the T T¯ and T J¯ deformations [63–67]. As we said before, the ideas concerning
Yang-Baxter deformations are one of the reasons behind the present paper, but the use of this
technology in a different context may appear as a good surprise. First of all, the operator T T¯ is
built from the holomorphic and anti-holomorphic terms of the stress-energy tensor, whilst T J¯
comes from the holomorphic part of the energy-momentum tensor, but also needs a U(1) current
J¯(z¯). Consequently, these deformations are irrelevant from the renormalization group viewpoint
with conformal dimensions (2, 2) and (2, 1) respectively, and many interesting aspects of these
transformations have been addressed, for example [68–77].
Using the AdS/CFT correspondence in our favor, one can easily notice that given an irrelevant
deformation of the boundary (or holographic) CFT, the string background should suffer a
deformation as well. Evidently, the strings propagating in this new deformed background are
described by a worldsheet CFT. Consequently, the counterpart of the irrelevant deformation of the
holographic CFT must be marginal from the worldsheet perspective. In this respect, the authors
of [78–83] have shown how we can construct exactly marginal deformations of the worldsheet CFT
that describes the most important features of the T T¯ and T J¯ deformations of the boundary CFT.
Unfortunately, the methods we use here do not seem to be strong enough to be applied within
the context of exactly marginal deformations, but we still can try to understand some aspects of
these deformations.
It is well documented that nonlocality is also associated to nontrivial braiding relations, disorder
operators and that it is also important in the study of anyons and parafermions [60,84–87]. The
message we want to leave is that nonlocal structures are poorly understood even in the easiest
cases where they are present. In this paper we want to address some problems, and propose some
methods to study them.
2 Nonlocal charges for WZNW-models
As we have just explained, the construction of nonlocal charges is a difficult problem to handle,
and in order to study them in full generality, it is necessary to develop new techniques first.
Evidently there are well known results that can be used as guiding principles. This section intends
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to be a review of these well known results, and I also hope to bring together some calculations
scattered in the literature.
2.1 Nonlocal charges
We start with the action for a σ-model based on the Lie algebras g given by
S = S0 + SWZ , (2.1a)
where we have the respective terms
S0 =
k
4pi
∫
∂B
d2σTr
(
∂µg−1∂µg
)
, SWZ = −αk
6pi
∫
B
d3σ˜αβγTr
(
g−1∂αgg−1∂βgg−1∂γg
)
(2.1b)
with α being the coupling constant and k the level of the theory. When the running constant
reaches the value α = 1 we have the conformal fixed point described by the WZNW model. Once
we consider the current
jµ = g
−1∂µg , (2.2)
which satisfies the ∂µg
−1 = −g−1∂µgg−1, the equations of motion are written as a simple
conservation law
∂µRµ ≡ ∂µjµ + αµν∂µjν = 0 , (2.3)
with the conventions 01 = −10 = 1. Similarly, we could consider the fields j˜µ = ∂µgg−1 with
corresponding currents Lµ = j˜µ − αµν j˜ν .
At the risk of repeating ourselves, the relevant information about these models are carried by
the conserved currents
Rµ(t, x) = jµ(t, x) + αµνjν(t, x)
Lµ(t, x) = j˜µ(t, x)− αµν j˜ν(t, x) ,
(2.4)
where α is a running constant whose value α = 1 gives a fixed point in the RG flow. It has been
known for quite some time that these are the basic ingredients to construct the nonlocal charges
of the theory [88–93]. Let us write them as
Kµ(t, x) =
≡ K(0)︷ ︸︸ ︷
(1− α2)µνjν(t, x) +
≡ K(1)µ︷ ︸︸ ︷
1
2
[Rµ(t′, y),
∫
Cx
?R(τ ′, ξ)] (2.5a)
and
Iµ(t, x) =
≡ I(0)µ︷ ︸︸ ︷
(1− α2)µν j˜ν(t, x) +
≡ I(1)µ︷ ︸︸ ︷
1
2
[Lµ(t, x),
∫
Cx
?L(t, y)] , (2.5b)
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where the nonlocality is governed by the line integral along any curve Cx in the interval (−∞, x).
Observe that in the CFT limit only the commutators survive.
Although not strictly necessary for our future considerations, let us for completeness verify
the conservation of the nonlocal charges (2.5a - 2.5b). Using that ?R = −µνRµdxν , we have
∂µKµ(t, x) = (1− α2)µν∂µjν(t, x) + 1
2
[Rµ(t, x),
∫
Cx
∂µ ?R(t′, y)] , (2.6)
where we have used that ∂µRµ = 0. We can now calculate the two pieces separately. The first
term is
∂µK(0)µ = (1− α2)µν∂µjν = (1− α2)(∂0j1 − ∂1j0) = −(1− α2)[j0, j1] , (2.7)
where we have used the identity ∂0j1 − ∂1j0 + [j0, j1] = 0, whilst the second term gives
∂µK(1)µ = 2
(
1− α2) [j0, j1] . (2.8)
Putting all these facts together we see that ∂µKµ(t, x) = 0, which means that the nonlocal
charge (2.5a) is conserved. Evidently one can repeat the analysis for (2.5b) to show that
∂µIµ(t, x) = 0. The important aspect of this analysis is that these currents are conserved in the
whole renormalization group flow.
At the conformal point we can write the currents in a particularly useful form. Let us start
seeing that for α = 1 we have
Rµ = jµ + µνjν , (2.9a)
what essentially means that
R ≡ R0 = −R1 where
{
R0 = j0 − j1
R1 = −j0 + j1
. (2.9b)
Using the light-cone coordinates z = t+ x and z¯ = t− x, one can show that the above current
satisfies
∂R¯ = 0 , where R¯ = g−1∂¯g . (2.10)
This equation clearly implies the anti-holomorphicity R¯ = R¯(z¯). Moreover, one can easily show
that
∂¯R = −[R¯,R] , (2.11)
and it readily implies the flatness condition
∂¯R− ∂R¯+ [R¯,R] = 0 . (2.12)
On similar grounds we have L = ∂gg−1, and that implies the relation ∂¯L = 0 and the holomor-
phicity L = L(z). As it is well known, these currents define the Kac-Moody algebras which emerge
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from the OPEs
La(z)Lb(w) ∼ kδ
ab
(z − w)2 +
ifabc
z − wL
c(w) (2.13a)
R¯a(z¯)R¯b(w¯) ∼ kδ
ab
(z¯ − w¯)2 +
ifabc
z¯ − w¯ R¯
c(w¯) . (2.13b)
Once we define the nonlocal charges (2.5a - 2.5b), we need to find a good prescription to
describe their quantum counterparts. Using the results of [61,89,90,94], a useful prescription if
given by the point-splitting regularization
[jµ(x+ δ), jν(x)] = C
ρ
µν(δ)jρ(x) +D
ρλ
µν(δ)∂ρjλ(x)
[j˜µ(x+ δ), j˜ν(x)] = C˜
ρ
µν(δ)j˜ρ(x) + D˜
ρλ
µν(δ)∂ρj˜λ(x) .
(2.14)
Therefore, the quantized currents are defined as
Kµ(t, x) = lim
δ→0+
(
(1− α2)Z(δ)µνjν(t, x) + 1
2
[Rµ(t, x),
∫
Cx
?R(t′, y|δ)]
)
Iµ(t, x) = lim
δ→0+
(
(1− α2)µνZ˜(δ)j˜ν(t, x) + 1
2
[Lµ(t, x),
∫
Cx
?L(t′, y|δ)]
)
,
(2.15)
where R(t′, y|δ) and L(t′, y|δ) are written in terms of the point-splitting regularization (2.14), and
Z(δ) and Z˜(δ) are multiplicative counterterms.
In conclusion, we have the following situations:
• In a conformal fixed point, we can easily build our nonlocal charges and therefore, our
Yangian symmetry when the Wess-Zumino term goes to zero [60].
• It is known that there are no anomalies in the renormalized currents [89,90], and that the
corresponding quantum nonlocal charges are preserved in a very straightforward manner.
These objects will generate the Yangian symmetry YL(G)× YR(G).
• The perturbed theory is evidently harder to be analyzed, but there is at least one situation
where the analysis is straightforward, namely, when the deformed theory is described by
a sigma model. In other words, if the deformed theory is another sigma model based on
the Lie algebra h ⊆ g and α 6= 1, the analysis we performed above is easily applied. This
situation is, as one may imagine, very unique and demands a combination of factors.
In the case where we do not know if the deformed theory is described by a sigma model, the
method above is useless and we need to develop other techniques to build our nonlocal charges.
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2.2 Marginally relevant deformations
We want to consider perturbations of conformal field theory of the form
S = SCFT + η
∫
d2xO(∆,∆¯)(x) , (2.16)
where O(∆,∆¯)(x) is an operator of conformal dimension (∆, ∆¯). When our CFT is defined in the
IR region, one may consider that the perturbation operator above is relevant, (∆ < 1, ∆¯ < 1),
which essentially means that it is a small perturbation in the UV limit, but becomes large in the
infrared region. For spinless fields we have ∆ = ∆¯, and it naturally implies that the coupling η
has conformal dimensions (1−∆, 1−∆).
Remember that we are in a quantum theory, therefore the expressions below are defined inside
correlation functions, and it ultimately means that everything is properly renormalized [95]. It is
important to keep this point in mind since we will consider perturbations which are classically
marginal but that can have anomalous dimensions. These are the marginally relevant deformations
that will play a fundamental role in the present work. In summary, our perturbations are of the
form
δS = η
∫
d2xO(1,1)(x) , (2.17a)
or more specifically, we will consider deformations generated by a current-current operator
δS = η
∫
d2x(j(1,0)j¯(0,1))(x) . (2.17b)
In the case of marginally relevant deformations, the coupling η receives quantum corrections and
has dimensions
[η] ' (δ(η0), δ(η0)) , (2.18)
where λ0 is the bare coupling. This deformation will be marginally relevant provided 0 < δ < 1,
and in that particular case we can try to understand the perturbed theory using the well established
techniques of Zamolodchikov, Bernard and LeClair [61,62].
The hallmark of two dimensional conformal field theories is the existence of a traceless and
conserved stress-energy tensor,
Tzz¯ = 0 , ∂¯T (z) = 0 , ∂T¯ (z¯) = 0 . (2.19)
Moreover, factorization of (unitary) CFTs implies that the fields T (k) of conformal weight (h, 0)
satisfy the holomorphicity condition
∂¯T (k) = 0 . (2.20)
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Once we perturb the theory, we should not expect these two distinctive properties unless the
perturbation is given an exactly (or truly) marginal operator. Quite generally, we have a relation
of the form
∂¯T (k)(z, z¯) = ∂Θ(k)(z, z¯) ≡ λR(k) , (2.21)
where the stress energy tensor occurs for, say, k = 1, and the non-diagonal element of the
symmetric stress-energy tensor is Θ(1)(z, z¯). Moreover, we have assumed that only terms of order
O(λ) contribute to this equation. For further details we refer to the original paper [62].
Zamolodchikov has also shown that given perturbations of the form (2.17a), the corrections
for relevant deformations are given by the equations
∂¯T
(k)
s+1(z, z¯) =
η
2pii
∮
dwO(w, z¯)T (k)s+1(z)
∂T¯
(k)
s+1(z, z¯) =
η
2pii
∮
dw¯O(z, w¯)T¯ (k)s+1(z¯) .
(2.22)
where O ≡ O(1,1). We shall refer to these formulas as the Zamolodchikov’s equations, and they
play a fundamental role in our discussion.
2.3 Sine-Gordon and SU(2)-WZNW at level k=1
The construction of nonlocal charges from marginal deformations of WZNW models has been
partly addressed in [61] from a very different point of view. Consider the sine-Gordon model
S =
1
4pi
∫
d2z
(
∂Φ∂¯Φ + 4λ : cos(βˆΦ) :
)
, (2.23)
where the interaction term 4λ : cos(βˆΦ) is treated as a perturbation of the free-field theory. When
the parameter assumes the value βˆ =
√
2, the perturbation is marginal and it can be described as
a current-current deformation of the SU(2)1 WZNW model. Therefore, the sine-Gordon model
can be described as
S = Sk=1SU(2) +
λ
2pi
∫
d2z
(L+R¯− + L−R¯+ + gL0R¯0) , (2.24)
where g breaks the SU(2)1 symmetry defined by the OPEs
L0(z)L0(w) ∼ 1
2(z − w)2
L0(z)L±(w) ∼ ± L
±(w)
(z − w)
L+(z)L−(w) ∼ ± 1
(z − w)2 +
2L0(w)
(z − w) ,
(2.25)
and similarly for right-moving currents R¯.
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For the free boson theory, it is well known that we can write the field Φ(z, z¯) as
Φ(z, z¯) = φ(z) + φ¯(z¯) , 〈φ(z)φ(w)〉 = − ln(z − w) , (2.26)
with primary fields Vα(z) =: e
iαφ(z) : of weight ∆ = α2/2. Evidently, it is easy to see that
V±√2(z) ≡ L±(z) have conformal weight 1. Moreover, the vertex operators Vα(z) satisfy nontrivial
braiding relations, and using this fact Bernard and LeClair studied the quantum group structure
of the perturbed theory [61]. In the free boson representation we have
L0(z) = i√
2
∂φ(z) , L±(z) =: e±i
√
2φ(z) : . (2.27)
The field φ(t, x) is no longer holomorphic once we perturb the theory, but in the special case
where the decomposition of Φ(x, t) is preserved, we can write
φ(t, x) =
1
2
(
Φ(x, t) +
∫ x
−∞
dy∂tΦ(y, t)
)
φ¯(t, x) =
1
2
(
Φ(x, t)−
∫ x
−∞
dy∂tΦ(y, t)
)
(2.28)
where these formulae can be verified from the conditions ∂¯φ(z) = ∂φ¯(z¯) = 0 that are satisfied at
the conformal fixed point. Nonlocality is a consequence of the integral in (−∞, x) above. The
most immediate consequence of this condition is the existence of equal-time braiding relations
Jaµ(t, x)J
b
ν(t, y) = R
ab
cdJ
c
ν(t, x)J
d
µ(t, y) y < x . (2.29)
Moreover, one can easily verify that the matrix R satisfy the quantum Yang-Baxter equation.
One can think of these braiding as topological obstructions when we move a disorder operator as
in the figure 1. As a matter of fact, the terminology disorder operator is much more appropriate
Figure 1: Topological Obstruction
for the objects we are considering, and it would avoid possible confusions that the term nonlocal
could bring, specially when we are in fact studying a local quantum field theory. In any case, we
shall continue using the standard terminology.
Nonlocal currents in the sine-Gordon theory, the deformed SU(2)1 model, are (L±(z),H±(z))
where L± are now defined in terms of the fields (2.28). The explicit expressions for H± have been
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written in [61], and it is immediate to verify that H±(z) λ→0= 0. These currents satisfy ∂¯L± = ∂H±
and there are, evidently, the corresponding expressions for the anti-holomorphic sector, namely
∂R¯± = ∂¯H¯±. The nonlocal charges are
Q± =
1
2pii
(∫
dzL± +
∫
dz¯H±
)
Q¯± =
1
2pii
(∫
dz¯R¯± +
∫
dzH¯±
)
. (2.30)
Putting all these facts together, Bernard and LeClair have shown that the deformed algebra of
nonlocal charges is given by ŝl(2)q, where the deformation parameter is simply q = exp(−
√
2pii).
One should also observe that the deformation parameter of the q-deformed algebra ŝl(2)q does
not depend on the deformation parameter η.
3 Nonlocal operators from vertex operators
How could we generalize the methods that were useful in the SU(2)1 WZNW? Evidently the
answer to this problem is not straightforward, otherwise it would already have been answered.
We want to address it in the present section, and in particular, we want to discuss some ideas to
a complete development of new techniques to build and unveil the algebra of nonlocal charges in
more general WZNW-models. In the absence of a definite answer, now we discuss two different
directions.
3.1 Nonlocal charges from free field representations
Our initial proposal is to use the free field representation for WZNW models as a starting point
of nonlocality. This is a very direct generalization of what has been discussed by Bernard and
Le Clair, and consequently the applicability is extremely limited [61], as we show now. Given a
simply-laced Lie algebra g, the free fields representation says that for all simple roots we have a
corresponding free boson φi with
〈φi(z)φj(w)〉 ∼ −δij ln(z − w) , (3.1)
and with currents
Hj(z) = i∂φj(z) , E˜α(z) = eiα·φ(z) , (3.2)
where α · φ(z) = ∑j αjφj(z). For further details see our favorite CFT books [96,97].
From these equations and from the expressions (2.28), we can immediately generalize what
Bernard and LeClair have done for the su(2)1 model in [61]. In other words, we have a simple
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collection of expressions of the form
φi(t, x) =
1
2
(
Φi(x, t) +
∫ x
−∞
dy∂tΦ
i(y, t)
)
φ¯i(t, x) =
1
2
(
Φi(x, t)−
∫ x
−∞
dy∂tΦ
i(y, t)
)
. (3.3)
One for each simple root. Consequently, we also need to write down a list of OPEs for the currents
and for the vertex operators of conformal weight ∆ = 1. Furthermore, the explicit expressions for
the deformed currents are strongly dependent on the specific perturbation we are interested in,
but there is no challenge in writing down the explicit formulas once we fix the operator which
defines the perturbation. It would also be a straightforward, but laborious, exercise to determine
the deformation that gives the quantum group ŝl(n)q as residual symmetries.
For non simply-laced Lie algebras, the presence of short-roots makes the situation a bit harder,
but it may be possible to apply similar ideas. For instance, operators of the form exp(±iα ·φ) have
conformal dimension 1/2, and in order to transform them into currents, we need to multiply them
by free fermions. As an example, the WZNW associated to the algebra Bn demands n bosons
and one additional fermion. In the deformed theory, if the nonlocality is defined just in terms of
the bosonic field φ as before, leaving the free fermionic field local, the previous analysis is very
trivial to be performed. On the other hand, we expect that in a more general situation; both, the
bosonic and fermionic fields, define some sort of nonlocality, and it demands new mathematical
tools.
Observe that what we have said up to now can be also extended to Lie algebras at any
level k > 1. Remember that in those cases, it is also possible to use free fields representations,
and we simply need to define the Cartan generators as Hj = i
√
k∂φj . The vertex operators
exp(±iα ·φ/√k) have conformal dimensions ∆ = |α|2/(2k), and as in the non simply-laced case, in
order to obtain our currents we simply multiply the vertex operators by new fields of appropriate
conformal dimensions. Remarkably, these new operators have interesting nonlocal properties and
are called parafermions [84, 96,98].
Finally, for general Lie algebras ĝk we would need to use a stronger approach, for example,
the Wakimoto free-field representation, but in that case it is much more evident the drawbacks of
these free fields inspired approaches. For example, once we assume a very generic deformation in
this particular representation, the (β, γ)-system will also be modified and the explicit expressions
for the nonlocal charges would be much more involved. On the other hand, we will see in section
5 that there are situations where some progress can be made, and that this representation may be
useful to determine the nonlocal charges for deformations of the AdS3 × S3 ×M4 strings.
Some of these issues will be addressed in section 5, but we hope to fill computational details
of this section in a future publication. For now, we recognize that there are severe limitations
in the free fields representation and we shall try to find a better and stronger approach. We
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unfortunately do not provide a final answer to this point, but next section is a sort of brute-force
calculation, and although it may seem a contrived construction at first, it might be possible to
learn more about the algebra of nonlocal charges.
3.2 Nonlocal charges from deformed WZNW-models currents
The authors of [53,99,100] have shown that in the context of integrable deformations, the deformed
currents can be written as nonlocal gauge transformations. More specifically, they have shown
that given an integrable field theory with currents J± = g−1∂±g, where g is the Lie group element,
the Yang-Baxter deformed theory has resulting currents given by J˜± = g˜−1∂±g˜, where g˜ = F−1g
are nonlocal fields defined through a twist element F whose explicit form is in the original papers.
Therefore, the nonlocal currents are finally written as
J˜± = GJ±G−1 − ∂±GG−1 , (3.4a)
where J± are the original undeformed currents and G = g−1Fg. This relation is one of the reasons
behind the study of symmetries of the Yang-Baxter deformed theories, and it suggests that the
symmetries are obtained through a Drinfel’d twist of the original ones. These ideas have been
explored in many texts, including [10,19,31,32,53–55].
The form (3.4a) is the finite form of a Yang-Baxter deformation. For an infinitesimal expansion
of the field G ' 1 + η (nonlocal), where η is a perturbative parameter, one could suppose that
the infinitesimal version of (3.4a) has the following structure
J˜± = J± ± η (nonlocal term) . (3.4b)
For the marginal deformations of our interest, we look for nonlocal currents with this structure.
More specifically, the marginally relevant current-current deformation (2.17b) is written as
S = Scft +
η
2pi
∑
a,b
cab
∫
d2zLa(z)R¯b(z¯) , (3.5)
where η is an infinitesimal parameter and cab is the matrix that defines the specific deformation
we are interested in. Furthermore, it is known under which conditions these deformations are
exactly marginal [43–45]. We should also observe that the deformations above are not, in general,
g-invariant. Consequently we cannot apply the usual set of ideas [94, 101–103], and in particular,
the massive theories do not define (local) massive current algebras as defined by Bernard in [101].
In what follows, we use different symbols for the fields at the fixed point theory, namely La∗
and R¯a∗, and we keep the notation La and R¯a for the perturbed theory. In order to construct an
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object of the form (3.4b), let us now define the g-valued function
A∗(z, z¯) = L∗(z) + R¯∗(z¯) , (3.6a)
in the infrared conformal field theory. This object is very trivial in the CFT point, and it obviously
satisfies the free boson equation of motion
∂∂¯A∗(z, z¯) = 0 . (3.6b)
Once we move along the RG flow, one may assume the structure (3.6a) is preserved, that is
A(t, x) = L(t, x) + R¯(t, x) , (3.6c)
and in this sense, one can try to use the same methods of [61]. Moreover, using that ∂ = (∂0 +∂1)/2
and ∂¯ = (∂0 − ∂1)/2 we find
∂R¯∗ = 0 ⇔ ∂0R¯∗ = −∂1R¯∗ and ∂¯L∗ = 0 ⇔ ∂0L∗ = ∂1L∗ . (3.7)
Therefore, we can write the following objects
L = 1
2
(
A+
∫ x
−∞
dy∂0A(t, y)
)
R¯ = 1
2
(
A−
∫ x
−∞
dy∂0A(t, y)
)
, (3.8)
which are analogous to the expressions (2.28). Once again, in the fixed point these two equations
are identities, but as we move along the RG flow one may consider (3.8) as nonlocal definitions of
the conserved currents L and R¯.
One should observe that these currents are not necessarily associated to any hidden Yangian.
In other words, the deformations above are not necessarily integrable, therefore, these nonlocal
currents should not be considered as objects (necessarily) built from the monodromy matrix. In
fact, the presence of these fields is not in general clear, but it may be a generalization (in the
sense that we do not require integrability of the system) of an exotic symmetry as those studied
in [99,100,104–107].
The field A(z, z¯) does not give any additional information in the CFT since it is just a sum of
the chiral and anti-chiral components of the currents, but in the massive theory, this field has its
own dynamical equation that is a modification of (3.6b). Using the Zamolodchikov’s equations
(2.22) we have
∂¯ (∂A) (z, z¯) = η
2pii
∮
dwO(w, z¯)∂L∗(z) , ∂
(
∂¯A) (z, z¯) = η
2pii
∮
dw¯O(z, w¯)∂¯R¯∗(z¯) . (3.9)
These two conditions should obviously be the same, on the other hand, this equality is nor
particularly useful to find the expression for A. Using the explicit form of the marginal operator,
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we see that the first condition gives
∂¯ (∂Aa(z, z¯)) = η
2pii
ca′b′
∮
dwLa′∗ (w)∂La∗(z)R¯b
′
∗ (z¯)
= ica′b′ηf
a′a
c∂Lc∗(z)R¯b
′
∗ (z¯)
= ica′b′ηf
a′a
c∂Ac∗(z, z¯)R¯b
′
∗ (z¯) .
(3.10a)
In the last equality we have used the condition ∂Lc∗(z) = ∂Ac∗(z, z¯) that obviously hold in the IR
fixed point theory. Finally, one may consider the ∂¯-derivative
∂¯2 (∂Aa(z, z¯)) = ica′b′ηfa′ac
(
∂∂¯Ac∗(z, z¯)R¯b
′
∗ (z¯) + ∂Ac∗(z, z¯)∂¯Ab
′
∗ (z, z¯)
)
. (3.10b)
Moreover, we can repeat the same idea for the second expression in (3.9)
∂
(
∂¯Aa(z, z¯)) = η
2pii
ca′b′
∮
dw¯La′∗ (z)R¯b
′
∗ (w¯)∂¯R¯a∗(z¯)
= ica′b′ηf
b′a
cLa
′
∗ (z)∂¯R¯c∗(z¯)
= ica′b′ηf
b′a
cLa
′
∗ (z)∂¯Ac∗(z, z¯) .
(3.11a)
Taking the ∂-derivative
∂2
(
∂¯Aa(z, z¯)) = ica′b′ηf b′ac (La′∗ (z)∂∂¯Ac∗(z, z¯) + ∂Aa′∗ (z, z¯)∂¯Ac∗(z, z¯)) . (3.11b)
Therefore if we impose the equation ∂∂¯Aa∗ = 0 to the RHS of (3.10b) and (3.11b), their sum
and difference yield respectively
∂∂¯
(
∂¯Aa(z, z¯) + ∂Aa(z, z¯)) != ica′b′η (fa′ac∂Ac(z, z¯)∂¯Ab′(z, z¯) + f b′ac∂Aa′(z, z¯)∂¯Ac(z, z¯))
∂∂¯
(
∂¯Aa(z, z¯)− ∂Aa(z, z¯)) != ica′b′η (fa′ac∂Ac(z, z¯)∂¯Ab′(z, z¯)− f b′ac∂Aa′(z, z¯)∂¯Ac(z, z¯)) ,
(3.12a)
where we considered that A ' A∗ +O(η) to make the replacement A∗ 7→ A. These equations are
rather involved, but we may notice that we could initially try to find a solution for Xa = ∂Aa
and Y a = ∂¯Aa, so that the equations above become
∂∂¯ (Xa(z, z¯) + Y a(z, z¯)) = ica′b′η
(
fa
′a
cX
c(z, z¯)Y b
′
(z, z¯) + f b
′a
cX
a′(z, z¯)Y c(z, z¯)
)
∂∂¯ (Xa(z, z¯)− Y a(z, z¯)) = −ica′b′η
(
fa
′a
cX
c(z, z¯)Y b
′
(z, z¯)− f b′acXa
′
(z, z¯)Y c(z, z¯)
)
,
(3.12b)
and now we have a system of 2dim(g) second order differential equations with unknowns Xa and
Y a, a = 1, . . . ,dim(g).
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Currents conservation
In the deformed theory, we also need to verify if the nonlocal currents are associated to a new form
of symmetry in the system, possibly similar to those exotic symmetries as in [99,100,104–107]. Our
first test is to certify that the nonlocal currents define conservation laws. Using Zamolodchikov’s
equations (2.22) we find
∂¯La(z, z¯) = η
2pii
ca′b′
∮
z
dw
(
La′∗ (w)La∗(z)
)
R¯b′∗ (z¯) = ηca′b′
(
kδa
′a∂R¯b′∗ (z¯) + fa
′a
cLc∗(z)R¯b
′
∗ (z¯)
)
∂R¯a(z, z¯) = η
2pii
ca′b′
∮
z¯
dw¯La′∗ (z)
(
R¯b′∗ (w¯)R¯a∗(z¯)
)
= ηca′b′
(
kδb
′a∂¯La′∗ (z) + f b
′a
cLa
′
∗ (z)R¯c∗(z¯)
)
,
(3.13)
where we have used the OPEs (2.13a - 2.13b). Using that in the fixed point theory we have
∂R¯∗ = 0 and ∂¯L∗ = 0, we can write the conditions above as conservation laws
∂0La(t, x) = ∂1Ha(t, x) , ∂0R¯a(t, x) = ∂1Ka(t, x) , (3.14a)
where we have defined the following components
Ha(t, x) = La(t, x) + ηca′b′fa′ac
∫ x
−∞
dyLc∗(t, y)R¯b
′
∗ (t, y)
Ka(t, x) = −R¯a(t, x) + ηca′b′f b′ac
∫ x
−∞
dyLa′∗ (t, y)R¯c∗(t, y) .
(3.14b)
Together, these conditions show that the nonlocal currents are, indeed, conserved 1. One may
also define the following g-valued 1-forms
J(t, x) = (Ja0 (t, x)dt+ J
a
1 (t, x)dx)T
a
≡ (La(t, x)dt+Ha(t, x)dx)T a ,
(3.15a)
and
J˜(t, x) =
(
J˜a0 (t, x)dt+ J˜
a
1 (t, x)dx
)
T a
≡ (R¯a(t, x)dt+Ka(t, x)dx)T a . (3.15b)
Finally, one can conveniently recast the conservation laws (3.14a) as
∂µJµ(t, x) = 0 ∂
µJ˜µ(t, x) = 0 . (3.16)
1Bernard and LeClair have shown in [61] that when the algebra is compact, semi-simple and is at the level 1, we
have
∂¯La + ∂R¯a = 0 .
In this case, we also have
∂¯La − ∂R¯a + 2ηfabcLbR¯c = 0
and if we define the new structure constants as f˜abcη ≡ ηfabc we have the flatness condition.
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Moreover, we will assume that Jµ(t, x), J˜µ(t, x) and A(t, x) are the only g-valued fields in the
massive theory. This condition means that these objects and the equation of motion for A(z, z¯)
carry all necessary information to define the deformed currents.
It is convenient to write the conservation laws (3.14a) as
∂¯La(z, z¯) = ∂
(
ηca′b¯′f
a′a
ch
c(z)R¯b′∗ (z¯)
)
≡ ∂Ha (3.17a)
∂R¯a¯(z, z¯) = ∂¯
(
ηca′b¯′f
b¯′a¯
c¯La
′
∗ (z)h¯
c¯(z¯)
)
≡ ∂¯Ka¯ , (3.17b)
where we have used the notation a, a¯ = 1, 2, · · · ,dim(g), which denotes the left- and right-moving
symmetries. Hence, from the conserved currents
Ja ≡ (Jaz , Jaz¯ ) = (La,Ha) J˜ a¯ ≡ (J˜ a¯z , J˜ a¯z¯ ) = (Ka¯, R¯a¯) , (3.18a)
we can finally define the charges
Q1a = 1
2pii
(∫
dzLa(z, z¯) +
∫
dz¯Ha(z, z¯)
)
Q2a¯ = 1
2pii
(∫
dzKa¯(z, z¯) +
∫
dz¯R¯a¯(z, z¯)
)
.
(3.18b)
Since the mathematical formalism behind nonlocal (or disorder as it may be much more
appropriate) operators in a local quantum field theory is not completely unveiled, we will assume,
as a general hypothesis, that the symmetry corresponding to these fields mimic the main features
of ordinary symmetries associated to local operators. Observe that it is not an ad doc construction,
but it has been verified in a number of examples related to Yangians and more exotic symmetries,
but the vagueness of this hypothesis does not lead us too far. More specifically, we modify some
early ideas of [94,101–103], and we will assume a broader set of hypotheses:
Hypotheses
We assume that the perturbed theory has a nonlocal symmetry with associated 1-form currents
J(x) = Jaµ(x)T
adxµ and J˜(x) = J˜aµ(x)T
adxµ as given by (3.15a) and (3.15b), and these
satisfy the following conditions:
(i) The nonlocal currents are conserved in the perturbed theory, that is
∂µJaµ = 0 .
(ii) The nonlocal currents La(z, z¯) and R¯a(z, z¯) become local for the undeformed theory,
and they generate the Kac-Moody algebra of the WZNW theory. Equivalently, in the
asymptotic limit η → 0 the currents La∗(z) and R¯a∗(z¯) satisfy the OPEs (2.13a) and
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(2.13b).
(iii) The components La(τ, σ), Ha(τ, σ), R¯a(τ, σ) and Ka(τ, σ) do not generally give the
massive current algebra as defined in [101].
Before continuing, we need to justify these hypotheses. Conditions (i) and (ii) are obvious.
We are just saying that we have a conservation law associated to the nonlocal currents J and
J˜ and that in the undeformed limit we recover the WZNW model with Kac-Moody symmetry
gˆ× gˆ. In fact, when we have considered the condition A ' A∗ +O(η) before, we secretly used the
hypothesis (ii). Condition (ii) also implies that in the conformal theory limit, the components
L and R¯ become local. Equivalently, we have assumed that once we deform the theory, one
introduce these disorder operators, which in essence means that the currents become nonlocal. In
the examples of Yang-Baxter deformations [99, 100,104–107] and in the cases studied by Bernard
and LeClair [61], we can find specific cases of nonlocality generated by deformations (although in
different contexts) which justify this second hypothesis.
Finally, condition (iii) is subtler. We relax the conditions imposed by Bernard in [101],
and that particularly says that we do not assume that the OPEs close solely in left- or right-
moving modules of g× g¯. In other words, we assume that any product involving the components
La(t, x), Ha(t, x), R¯a(t, x) and Ka(t, x) needs to be expanded in terms of these currents and their
descendants. Evidently that the conditions considered in [94,101–103]
LR¯ ∼ 0 , LK ∼ 0 , HR¯ ∼ 0 , HK ∼ 0 , (3.19)
are extremely useful, but it seems artificial in a very generic situation as those we try to address.
It is reasonable to assume that once the theory is deformed, the chiral and anti-chiral structure of
the theory is spoiled, and it is the what condition (iii) denotes. Additionally, Zamolodchikov [62]
imposes that the Hilbert space decomposition is preserved once we deform the theory, but it is
not obviously generic enough, so we would like to explore other possibilities.
One can now try to use these general hypotheses to study the algebra generated by nonlocal
symmetries. It is evidently a highly nontrivial task, but we can start with a babe problem, find
some algebraic constraints imposed by physical arguments. That is exactly what we start doing
now.
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4 Algebra of nonlocal charges
As we have just seen, the chiral decomposition of the theory is broken in the deformed theory,
therefore we do not want to preserve the notation associated to structure as an artifact. In order
to study the algebra generated by the nonlocal charges Q1a and Q2a¯, it is much more convenient
to define the column vector
[J α] :=
(
Ja
J˜ a¯
)
=

Ja+
Ja−
J˜ a¯+
J˜ a¯−
 ≡

La
Ha
Ka¯
R¯a¯
 , (4.1)
with J 1 = Ja and J 2 = J˜ a¯. Moreover, we already know that nonlocality is equivalently written
as the equal-time braiding relations
[J α(t, x1)] · [J β(t, x2)] = [Rαβ(x12)]γδ[J γ(t, x2)] · [J δ(t, x1)] , (4.2a)
where
[Rαβ] ≡
(
[Rαβ]cd [R
αβ]cd¯
[Rαβ]c¯d [R
αβ]c¯d¯
)
⇒ [R] ≡
(
[Rab] [Rab¯]
[Ra¯b] [Ra¯b¯]
)
. (4.2b)
Using the vertex operator representation, the braiding relations (4.2a) are closely related to
anyonic statistics, which has been analyzed in many different contexts, including in the search
of quantum group structures in two dimensional conformal field theories. The relation between
these ideas, if any, is not clear and deserves further investigation.
4.1 R-commutators
Now we can start some full fledged calculations. Remember that one of our main hypotheses
is that these nonlocal objects mimic some features of the local currents. Associativity of their
product imposes that the following expressions are equal(
J α(x1)J
β(x2)
)
J γ(x3) = R
αβ
δ (x12)R
γ
ζκ(x13)R
δζ
ηι (x23)J
η(x3)J
ι(x2)J
κ(x1) (4.3a)
J α(x1)
(
J β(x2)J
γ(x3)
)
= Rβγδ (x23)R
αδ
ηζ (x13)R
ζ
ικ(σ12)J
η(x3)J
ι(x2)J
κ(x1) , (4.3b)
and it immediately implies that the matrices Rabcd are, as expected, solutions of the quantum
Yang-Baxter equation
R12(x12)R13(x13)R23(x23) = R23(x23)R13(x13)R12(x12) . (4.4)
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One may use the a direct calculation - that is, we take the explicit product of currents in the
quantized theory - to fix the matrix R, but currently it is obviously impossible to complete this
program, and for now this matrix is an input of our construction. It might be possible to solve
this conundrum deepening our understanding on the consistency conditions, something along the
lines of a Bootstrap program. Fortunately, when we have an integrable Yang-Baxter deformation,
the situation is slightly better, and it seems possible to use the Yang-Baxter solution which defines
the deformation as a seed for the braiding matrix. We will discuss more of this possibility in the
specific example of section (5.1).
The important aspect is that with the column currents J α, one can define the charges (3.18b)
as
Qα := 1
2pii
(∫
dzJ αz +
∫
dz¯J αz¯
)
, (4.5a)
and now we can invoke the results of Bernard and LeClair [61] to compute what we will call
R-commutators
[Qα,Qβ]R ≡ QαQβ − RαβγδQγQδ = Q̂α
(
Qβ
)
, (4.5b)
where the RHS of this equation is given by
Q̂α
(
Qβ
)
=
1
(2pii)2
(∫
dzdwJ αz (z, z¯)J
β
w (w, w¯) +
∫
dzdw¯J αz (z, z¯)J
β
w¯ (w, w¯)
+
∫
dz¯dwJ αz¯ (z, z¯)J
β
w (w, w¯) +
∫
dz¯dw¯J αz¯ (z, z¯)J
β
w¯ (w, w¯)
)
.
(4.5c)
In summary, the problem is then reduced to the calculation of four terms
Q̂a
(
Qb¯
)
, Q̂a¯
(
Qb
)
, Q̂a
(
Qb
)
, Q̂a¯
(
Qb¯
)
. (4.5d)
Using the first element to understand the structure of these objects, we have
Q̂a
(
Qb¯
)
=
1
2pii
[∫
dz Res
w→z
(
La∗(z)Kb¯(w, w¯)
)
+
∫
dz¯ Res
w¯→z¯
(
Ha(z, z¯)R¯b¯∗(w¯)
)
+
1
2pii
∫
dzdw¯La(z, z¯)R¯b¯(w, w¯) + 1
2pii
∫
dz¯dwHa(z, z¯)Kb¯(w, w¯)
]
.
(4.6)
where we have considered the perturbative expansion
L(z, z¯) ' L∗(z) + ηL1(z, z¯) , R¯(z, z¯) ' R¯∗(z¯) + ηR¯1(z, z¯) . (4.7)
The first constraint we need to impose is related to the obvious fact that in the undeformed
limit η → 0 we must have Ha → 0 and Ka¯ → 0. Consequently, one should suppose that these
fields are of order O(η), which can be easily verified in (3.17a - 3.17b). Additionally, we can
rewrite the charges in terms of the coordinates (x, t) instead of (z, z¯), therefore
Q̂a
(
Qb¯
)
=
∫
dxdy
(
La(x, t)Kb¯(y, t) +Ha(x, t)R¯b¯(y, t)
+La(x, t)R¯b¯(y, t) +Ha(x, t)Kb¯(y, t)
)
,
(4.8a)
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and we see that in order to finish this calculation we simply need to integrate the perturbed
operators OPEs. Additionally, we also have
Q̂a
(
Qb
)
=
∫
dxdy
(
La(x, t)Lb(y, t) + La(x, t)Hb(y, t)
+Ha(x, t)Lb(y, t) +Ha(x, t)Hb(y, t)
)
,
(4.8b)
Q̂a¯
(
Qb
)
=
∫
dxdy
(
La¯(x, t)Kb(y, t) +Ha¯(x, t)R¯b(y, t)
+La¯(x, t)R¯b(y, t) +Ha¯(x, t)Kb(y, t)
)
,
(4.8c)
and evidently
Q̂a¯
(
Qb¯
)
=
∫
dxdy
(
Ka¯(x, t)R¯b¯(y, t) + R¯a¯(x, t)Kb¯(y, t)
+R¯a¯(x, t)R¯b¯(y, t) +Ka¯(x, t)Kb¯(y, t)
)
.
(4.8d)
We have just seen that the algebra of nonlocal charges can be completely determined from
the analysis of Operator Product Expansions of the corresponding conserved currents. In other
words, we need to find the coefficients of the matrix
[J αJ β] = [J α]⊗ [J β] =

LaLb LaHb LaKb¯ LaR¯b¯
HaLb HaHb HaKb¯ HaR¯b¯
Ka¯Lb Ka¯Hb Ka¯Kb¯ KaR¯b¯
R¯a¯Lb R¯a¯Hb R¯a¯Kb¯ R¯a¯R¯b¯
 , (4.9)
where consistency imposes that the lowest orders in η are
LL , R¯R¯ ∼ O(η0)
LH ,HL ,LK ,KL ,LR¯ , R¯L ,HR¯ , R¯H ,KR¯ , R¯K ∼ O(η)
HH ,HK¯ ,KH¯ ,KK¯ ∼ O(η2) .
(4.10)
Observe that there is another subtlety at this point. The matrix above cannot be reduced to an
upper (or lower) triangular matrix since we do not have the usual bosonic of fermionic statistics
at our disposal anymore, therefore we need to compute all OPEs. In [61] the authors considered
that the OPE closes independently in the left of right-modules so that terms of the form LR¯ are
regular. As we said before, that simplification is very unnatural, and we would like to consider
the most general case. Next section is an attempt to unveil properties of these products.
4.2 (Nonlocal) Operator Product Expansion
Before starting our calculations, we need to remark - maybe redundantly - that the present
construction is intrinsically quantum; and in this sense, all these expressions are inside correlation
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functions. Therefore, it should be clear that once we deform the theory, a new prescription for
the calculations of vacuum expectation values (VEVs) must be imposed, and it is well known that
the perturbed VEVs are related to those of the original theory by
〈Φ(z1, · · · , zn)〉 = 〈Φ(z1, · · · , zn)e−η
∫ Opert.〉0 . (4.11)
where Φ(z1, · · · , zn) is an arbitrary product of fields and 〈· · · 〉0 is the undeformed VEV. In this
sense, we simply want to develop methods to calculate the correlators when they have insertions
nonlocal operators.
We have seen that once we deform the theory, nonlocal conserved charges and consequently
their corresponding currents can be defined. For integrable theories, the existence of classical
nonlocal charges is often associated to the underlying Yangian symmetry. Much more important,
there exist prescriptions to build an infinite tower of nonlocal charges Q(n), n ≥ 1, starting from
a local charge Q(0), see [60,108,109]. The algebra of these charges can be calculated using the
Poisson bracket (which can be later quantized) and it has been shown that the computation of
the brackets of Q(0) and Q(1) (together the so called Serre relations) are enough to determine the
algebraic structure of this symmetry.
What we meant is that local and nonlocal currents often come together, but in the present
work we want to study a more exotic situation where we do not specifically consider any (obvious)
local charge to be paired with the nonlocal ones, in such a way that the more familiar Yangian
symmetries are generated. So, we need to learn how to live with these nonlocal charges, and
in particular we need to describe their algebra directly from the OPEs, perhaps following ideas
similar to those used in the vertex operator algebras construction. But how can we do that? The
most direct approach is to find the classical counterpart of the nonlocal charges defined in the
previous section, take the Poisson bracket and finally use the standard canonical quantization.
This direct program is not only difficult, it is unpractical and unrealistic. Alternatively, given
that the construction so far has been intrinsically quantum (we considered marginally relevant
operators, OPEs and so on), we need to take it as an advantage to make ans¨atze for the OPEs,
and try to see what the physical constraints have to say about the coefficients.
As we said many times before, nonlocality is comprised in the existence of an R-matrix, which
imposes that for each pair of operators O1(x) and O2(0), one says that they are mutually nonlocal
if under permutation their product O1(x1)O2(0) transforms as exp(2piiα)O2(0)O1(x1) where the
phase exp(2piiα) is an unspecified component of the R-matrix. Observe that this situation is
similar to what happens with anyons or parafermions [84, 98] statistics, where the anyonic or
parafermionic pair of operators would be α-nonlocal if under an analytic continuation of x, their
product O1(x1)O2(0) gets a phase exp(2piiα). Even more importantly, if we embrace this analogy
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for the case of ZN invariant lattice models, we have the order σk and disorder µk operators, with
k = 1, . . . , N − 1 which are mutually nonlocal. For the definition of the OPEs one needs to
introduce the parafermionic operators themselves, and consequently we do not have any ambiguity
to express the operator product expansions.
Figure 2: Nonlocal OPEs in a simply connected space.
The nonlocal nature of these operators makes it hard to give an interpretation in terms of
Operator Product Expansion, but we assume that when the space is simply connected, two
nonlocal operators which are close to each other can be replaced by a sum of nonlocal operators.
Observe that in a complete general situation where we know the deformed local and nonlocal
operators, we could impose that the OPEs would close using both types of operators, there is no
contradiction to assume that. The fact is that we have just nonlocal operators to care about, so
let us assume that these operators are enough to make a closed algebra.
Moreover, we have also assumed that the space is simply connected. That is very important
because we need to assume that the integration curves are all homotopic, see figure 2. For
non-simply connected spaces, the situation is harder to be construed in terms of these nonlocal
operators. In fact, for homotopic curves we can use the expansion of figure 2, but it is not exactly
clear how we can define the OPEs for two operators defined via homotopically inequivalent curves,
see figure 3. We will not address this type of subtlety in this paper, so let us assume that we have
a simply-connected space where the first construction is appropriate.
Figure 3: Nonlocal OPEs in a non-simply connected space.
All in all, the OPEs are defined in the usual way, except we drop the consistency conditions
implied by locality [102,103]. They have the following structure
J α(z, z¯)J β(w, w¯) ∼
∑
γk
C αβkγ (|z − w|)Oγk (w, w¯) , (4.12a)
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where k is an enumeration index. Given that we have assumed that the only Lie algebra-valued
operators available are the nonlocal currents, we have that Oγk are the currents themselves J
γ
and derivatives thereof. Hence, the relevant terms are
J α(z, z¯)J β(w, w¯) ∼ Cαβγ (|z − w|)J γ(w, w¯) +Dαβγ (|z − w|)(∂J )γ(w, w¯) . (4.12b)
Moreover, it is convenient to use the coordinates (t, x), then
J αm(x)J
β
n (0) ∼ (Cpmn)αβγ (x)J γp (0) + (Dpqmn)αβγ (x)∂pJ γq (0) . (4.12c)
As before, the index α = (a, a¯) denotes the left- and right-moving Lie algebras and now we make
a small change of notation in the indices (m,n), namely
Ja ≡ (Ja+, Ja−) = (La,Ha) J˜ a¯ ≡ (J˜ a¯+, J˜ a¯−) = (Ka¯, R¯a¯) , (4.12d)
and J remains the same J α ≡
(
Ja, J˜ a¯
)
. As we will see, this small modification enhances the
readability of the results. Additionally, we will further assume the expansion
J αm(x)J
β
n (0) ∼ Fαβγ
(Cpmn(x)J γp (0) +Dpqmn(x)∂pJ γq (0)) . (4.12e)
Initially one can impose some obvious constraints related to the engineering dimensions,
perturbative expansion in η and associativity of the product. More specifically, we have:
Engineering dimensions: The easiest constraint comes from dimensional analysis. As in [103],
we have
Cpmn(x) ' O(|x|−1−0) , Dpqmn(x) ' O(|x|−0) , (4.13)
where |x|−0 denotes possible logarithmic divergences.
The structure constants: The first interesting constraints are related to the structure con-
stants Fαβγ , Cpmn and Dpqmn. The OPEs J aJ b and J a¯J b¯ give the Kac-Moody algebra for
η = 0, therefore we consider expansions of the form
F abc ' fabc + ηf˜abc F a¯b¯c¯ ' f a¯b¯c¯ + ηf˜ a¯b¯c¯
F abc¯ ' ηf˜abc¯ F a¯b¯c ' ηf˜ a¯b¯c
F a¯bγ ' ηf˜ a¯bγ F ab¯γ ' ηf˜ab¯γ γ = c, c¯ .
(4.14)
Using the OPEs structure (4.10) we have that the following coefficients
C++− , C+−+ , C−−− , C+−+ , C−−+ , C++− , C−+− , C−−+
D−++− ,D+++− ,D−+−+ ,D++−+ ,D−−−− ,D+−−− ,D−−−+ ,D−+−+ ,D+−−+ ,D++−+ ,
D−−++ ,D+−++ ,D−−+− ,D+−+− ,D−−−+ ,D+−−+
(4.15a)
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are of order O(η). Additionally, the coefficients
C+−− , C−++
D−+−− ,D++−− ,D+−++ ,D−−++
(4.15b)
are of order O(η2) and they can be neglected in the current perturbative analysis. All other
coefficients are the leading order O(η0) terms.
Moreover, let us denote the inverse of (Fγ)αβ by (F γ)αβ, that is
(Fγ)
αβ(F γ)α′β = δ
α
α′ , (4.16)
and using the inverse structure constants, and the expression (4.12e) we obtain
F γαβJ
α
m(x)J
β
n (0) ∼ Cpmn(x)J γp (0) +Dpqmn(x)∂pJ γq (0) . (4.17)
Associativity: Associativity imposes that the braiding matrix satisfy the Yang-Baxter equation,
but if we use this condition in the OPEs, we find an additional important constraint. Specifically
we need to study the two sides of the equality(
J αm(x)J
β
n (y)
)
J λr (z) =J
α
m(x)
(
J βn (y)J
λ
r (z)
)
, (4.18)
where we (unwisely) use z as a real parameter, and it must not be confused with the complex
coordinate we used previously. The left-hand side of this equation gives(
J αm(x)J
β
n (y)
)
J λr (z) =
= Fαβγ F
γλ
σ
{[Cpmn(x− y)Cspr(y − z) +Dpqmn(x− y)∂ypCsqr(y − z)]J σs (z)
+
[Cpmn(x− y)Dstpr(y − z) +Dpqmn(x− y)∂ypDstqr(y − z)] ∂sJ σt (z)} ,
(4.19a)
and the right-hand side gives
J αm(x)
(
J βn (y)J
λ
r (z)
)
=
= F βλγ F
αγ
σ
{[Cpnr(y − z)Csmp(x− z) +Dpqnr(y − z)∂ypCsmq(x− z)]J σs (z)
+
[Cpnr(y − z)Dstmp(x− z) +Dsqnr(y − z)Ctmq(x− z) +Dpqnr(y − z)∂ypDstmq(x− z)] ∂sJ σt (z)
+ Dpqnr(y − z)Dstmq(x− z)∂zp∂zsJ σt (z)
}
.
(4.19b)
Comparing both sides we have that the term with two derivatives ∂2J must be paired with
regular terms in the expansion. Additionally we have
Cpmn(x− y)Cspr(y − z) +Dpqmn(x− y)∂ypCsqr(y − z) =
= Cpnr(y − z)Csmp(x− z) +Dpqnr(y − z)∂zpCsmq(x− z)
(4.20a)
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and
Cpnr(y − z)Dstmp(x− z) +Dsqnr(y − z)Ctmq(x− z) +Dpqnr(y − z)∂ypDstmq(x− z) =
= Cpnr(y − z)Dstmp(x− z) +Dsqnr(y − z)Ctmq(x− z) +Dpqnr(y − z)∂ypDstmq(x− z) .
(4.20b)
Crossing symmetry: Finally, we should also impose crossing symmetry. We do not open the
calculations in full details, but we impose the following conditions
J αmJ
β
nJ
γ
pJ
δ
q ∼J αmJ βnJ γpJ δq ∼J αmJ βnJ γpJ δq (4.21)
where the symbols ∼ denote the fact we need to take into account the braiding relations.
These two previous conditions, namely the associativity and crossing symmetries, are extremely
important but difficult to be properly analyzed.
4.3 Discrete Symmetries
As in [103], we could try to consider the constraints imposed by discrete symmetries but, as we
said before, the nonlocality of these currents is closely related to the anyonic statistics which has
as one of its essential features the violation of parity and time reversal transformations. Given
that the current understanding of these objects is not complete, it is not clear to the author if we
should impose these constraints, although CPT and C symmetries are unlikely to be violated.
In this respect, we will see that the introduction of proportionality constants under these
transformations is the safest route for us in the present paper. Moreover, a possible CPT violation
of the currents should not be confused with inconsistencies of the theory. These nonlocal operators
are not related to any observables in the final theory, and we should think of them as computational
devices. We may remember that ghost fields are also nonphysical, since they violate the spin
statistics, but they are also useful computational devices. Modulo this subtlety, these constraints
mean the following relations
§1. Parity P is defined by
PJ αm(t, x)P
−1 ?= (−)mPnmJ αn (t,−x) (4.22a)
P∂mJ
α
n (t, x)P
−1 ?= (−)m+nPrsmn∂rJ αs (t,−x) . (4.22b)
for m,n, r, s = 0, 1. Observe that in the usual case we have Pnm = δnm and Prsmn = δrmδsn, but we
have allowed non-trivial terms to denote our ignorance on the nonlocal terms.
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§2. Similarly, the CPT symmetry gives
ΘJ αm(t, x)Θ
−1 ?= −θnmJ αn (−t,−x) (4.23a)
Θ∂mJ
α
n (t, x)Θ
−1 ?= θrsmn∂rJ
α
s (−t,−x) (4.23b)
where θnm = δ
n
m and θ
rs
mn = δ
r
mδ
s
n in the case of local charges. These relations imply
θvpCpmn(x) = −θrmθsnCprs(−x) θuvpqDpqmn(x) = θrmθsnDpqrs(−x) . (4.24)
§3. The charge conjugation C seems to be an unquestionable constraint, and it goes as follows:
CJ αm(t, x)C
−1 = BαβJ
β
m(t, x) , (4.25)
where one should also impose
C2J αm(C
−1)2 ⇒ BαβBβγ = δαγ
F γαβCJ
α
mJ
β
n C ⇒ F γαβBαλBβη = F ζληBγζ .
(4.26)
In order to be clear, we may think of this situation where we have several operators associated
to discontinuities, such as a bunch of Dirac strings, and that these operators are conserved and
satisfy an algebra. When inserted into correlation functions these operators impose conditions on
the observables, but are not by themselves observables of the theory. We may see that depending
on the properties P and θ many interesting situations may happen. For example, triviality
conditions appear when there is an odd number of currents inside a correlation function, and the
matrices P and θ are different from the identity. In any case, if these ideas are physically possible
or if they are wild speculation will be the theme a future publication, for now we want to see
other possible constraints.
4.4 Braiding relations
Finally, we now turn our attention to constraints imposed by nonlocality itself. As we said many
times before, the braiding matrix R comprises the nonlocality of the currents, and consequently
the constraints on the algebra of charges. Then
J αm(x)J
β
n (0) = R
αβ
γδ (x)J
γ
n (0)J
δ
m(x) , (4.27)
and one can easily show that
Cpmn(x) =
(
−FλαβRαβγδ Fγδλ
)
Cpnm(x) . (4.28a)
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Observe that this condition imposes that the diagonal terms vanish unless
FλαβRαβγδ Fγδλ = −1 , (4.28b)
and we can justify this choice by imposing that in the CFT limit the Kac-Moody algebra is
recovered. The same condition also imposes that
Dpqmn(x) = xpCqnm(x)−Dpqnm(x) . (4.28c)
Let us now define the tensor
T pqmn(x) := Dpqmn(x)−
1
2
xpCqmn(x) , (4.29)
and from it we can readily show that (4.28c) can be equivalently written as
T pqmn(x) = −T pqnm(x) , (4.30)
where we evidently used the symmetry of Cqmn(x). We have just settled the antisymmetry of the
indices (m,n). Now, we can be utterly pragmatical and write T pqmn(x) in terms of its symmetric,
skew-symmetric and diagonal in the indices (p, q), that is
T pqmn(x) = T (pq)mn (x) + T [pq]mn (x) + ηpqTmn(x) . (4.31)
The first and obvious observation is that current conservation imposes that the diagonal terms in
(p, q) are identically zero, that is Tmn = 0. All in all, we have the expansion
F γαβJ
α
m(x)J
β
n (0) ∼ Cpmn(x)J γp (0)
+
(
T (pq)mn (x) + T [pq]mn (x) +
1
2
xpCqmn(x)
)
∂pJ
γ
q (0) .
(4.32)
Quite remarkably, similar conditions can be found using the currents locality [61, 94, 102]. As
a direct consequence of these calculations, we can import the early results of [61, 94, 102] to
determine the OPE coefficients of the nonlocal OPEs. Therefore, these terms can be written as
Cpmn(x) = C1ηmnx2xp + C2(xmδpn + xnδpm) + C3xmxnxp (4.33a)
T (pq)mn = ts (x
p(xmδ
q
n − xnδqm) + xq(xmδpn − xnδpm)) (4.33b)
T [pq]mn = ta (δ
p
mδ
q
n − δqmδpn)x2 , (4.33c)
where one can use the current conservation
∂mCpmn = 0 ∂mDpqmn = 0 . (4.34)
to determine a series of algebraic equation for the coefficients Ci, ts and ta. We refer to [103] for
the explicit expression of those functions.
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4.5 Algebra of charges
In an ideal situation where all the constraints above are completely solved, we would have all
necessary ingredients to finish our calculations for the algebra of charges we started in section 4.1.
For example, we know that
QaQb¯ − Rab¯c¯dQc¯Qd = Q̂a(Qb¯) , (4.35)
where we need to calculate the terms
Q̂a(Qb¯) =
∑
m,n,p,q
=+,−
ηf˜ab¯c
∫
dxdy
(Cpmn(|x− y|)J cp (y) +Dpqmn(|x− y|)∂qJ cq (y))+
+
∑
m,n,p,q
=+,−
ηf˜ab¯c¯
∫
dxdy
(Cpmn(|x− y|)J c¯p (y) +Dpqmn(|x− y|)∂qJ c¯q (y) .) (4.36a)
Moreover, Q̂a¯(Qb) is obtained from a simple transformation a → a¯ and b¯ → b in the equation
above. Additionally
Q̂a(Qb) =
∑
m,n,p,q
=+,−
(fabc + ηf˜
ab
c)
∫
dxdy
(Cpmn(|x− y|)J cp (y) +Dpqmn(|x− y|)∂qJ cq (y))+
+
∑
m,n,p,q
=+,−
ηf˜abc¯
∫
dxdy
(Cpmn(|x− y|)J c¯p (y) +Dpqmn(|x− y|)∂qJ c¯q (y) , ) (4.36b)
and finally
Q̂a¯(Qb¯) =
∑
m,n,p,q
=+,−
ηf˜ a¯b¯c
∫
dxdy
(Cpmn(|x− y|)J cp (y) +Dpqmn(|x− y|)∂qJ cq (y))+
+
∑
m,n,p,q
=+,−
(f a¯b¯c¯ + ηf˜
a¯b¯
c¯)
∫
dxdy
(Cpmn(|x− y|)J c¯p (y) +Dpqmn(|x− y|)∂qJ c¯q (y)) . (4.36c)
The final R-commutators are
QαQβ − RαβγδQγQδ = Fαβλ T λ , (4.37)
where
T λ =
∫
dxdy
(
Cpmn(|x− y|)J λp (y) +Dpqmn(|x− y|)∂qJ λq (y)
)
. (4.38)
Unfortunately we do not have any means to finish this calculation, but the problem has been
posed. In summary, if we want to calculate the algebra of charges for a given theory with nonlocal
operators, we just need to understand two specific problems. The first problem is to elucidate the
behavior of the braiding R-matrix jiggling around all these calculations. At this point it is just an
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input and, as we will see next section, there is a good candidate for these objects in the case of
Yang-Baxter deformations.
The second problem is to determine the behavior of objects T λ. One immediate question to
be answered is to explain when and if T λ can be written in terms of the charges Qα. Additionally,
one may also try to see if there is any other interesting possibility. For example, remember that
in a quantum theory it is known that the if an operator Q satisfies the following relation
[T λ,Qβ] = T λ[Q]Qα , (4.39)
we say that T λ[Q] is the topological charge of the operator Q. Therefore, it would be most
interesting to verify if and when that these objects are topological-like charges.
5 Applications: From Yang-Baxter to T T¯ & T J¯ deformations
We finish our paper with a rather incomplete analysis of how the central objects of the current
work can be applied when we have deformations of the worldsheet and boundary CFTs. It is
evidently an unfortunate situation that we cannot describe the whole mechanism in full generality,
but we can try to see some features of this construction. Although the topic of the present paper
is not necessarily confined in the string theory context, these two examples are inside this research
program.
Before starting our analysis, let us quote an important result that classifies the types of
deformations we are interested in. Chaudhuri and Schwartz [43] and recently Borsato and
Wulff [44] have considered marginal deformations of the form
O(z, z¯) = cab¯La(z)R¯b¯(z¯) , (5.1)
where cab¯ are constant coefficients. They have shown that in exactly marginal deformations the
constants cab¯ identify two maximally solvable subalgebras. See also [45] for a systematic collection
of results and examples. Knowing this result we will try to see what it can do for us.
5.1 Yang-Baxter deformations
Consider integrable deformations of AdS3 × S3. The first think one may observe is that being an
exactly marginal deformation is generally not enough to guarantee that the deformed background
is a string solution. Quite generally, there are several other conditions, amongst them the existence
of a nilpotent BRST operator in the deformed theory which may be used to define physical states
of the quantized strings.
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Observe that when we say string solution we strictly mean that theory has as massless
excitations only those fields of the usual 10 dimensional supergravities. In this sense, marginal
deformations that give string backgrounds must be built from physical vertex operators of the
original theory. Considering the Yang-Baxter deformations [8, 9, 20, 21], consistency of the vertex
operator is translated into a condition on the classical r-matrix called unimodularity [22], and this
same condition has also been discussed in the pure spinor formalism in [110,111].
Therefore, given a Yang-Baxter deformation one has the following possibilities:
• Unimodular deformations: As we have just said, these deformations give consistent string
theory solutions, therefore, they are obtained from exactly marginal operators and on top of
that, the unimodularity condition is satisfied. That also means that such deformations satisfy
the so called (weak) Chaudhuri-Schwartz (CS) conditions defined in [43], see also [44,45,112].
• Non-unimodular deformations: In this case we don’t find consistent string theory
solutions, but two interesting things may happen:
1. These deformations may be generated by marginally relevant operators. In this case,
the current-current deformation does not satisfy the CS condition. This condition is
equivalent to deformations generated by classical r-matrices that do not satisfy the
unimodularity conditions, and the symmetry generators do not belong to the maximal
soluble Lie algebra [44]. The non-unimodularity is realized in terms of a new vector
field K in the massless spectrum of the theory, and this term adds to the beta functions
a K2 contribution.
2. But it may also happen that deformations are exactly marginal (the CS condition
is satisfied, which means that the deformed CFT has vanishing beta functions) but
that there is a massless nonphysical field in the string spectra [33, 110, 111] which
manifests itself again as the Killing vector field K at the supergravity level. That
essentially means that the unimodularity condition is not satisfied, despite the fact
the deformation is exactly marginal. Observe that this case is precisely what happens
in [113], where the solutions have null Killing vector fields, i.e. K with KµK
µ = 0.
Given that the modifications of the beta functions are realized as a term of the form
K2, the beta functions are still vanishing, and consequently the resulting theory is still
a CFT, but with a nonphysical field K that spoils their string theory interpretation.
That essentially means that other stringy requirements are not satisfied.
These are the types of deformations we want to study now.
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Marginally relevant deformations of the AdS3 strings
Amongst the extensive collection of advantages of this particular deformation, one of them is
extremely compelling to our proposal, namely, there is a very natural candidate for the braiding
matrix R. In other words, suppose we have Yang-Baxter deformations of nonlinear sigma models
based on the R-matrix R ' 1 + ηr +O(η2), where r satisfies the classical Yang-Baxter equation.
Therefore, one can use this same R-matrix as a seed for our braiding R-matrix. More specifically,
for a deformation of the form
δS ∝
∫
rab¯La(z)R¯b¯(z¯) , (5.2)
with rab¯ = −rb¯a, one can impose that Rαβ ' (1 + ηr)αβ. Observe that in the infinitesimal limit
we consider now, the diagonal components (in the left- and right-moving sectors Rab and Ra¯b¯) do
not play any role in the deformation itself, but are important in the algebra of nonlocal charges.
One may try to study these nonlocal objects for deformations of string theory in the background
AdS3×S3×T 4 supported with a B-field. In order to make the text self-contained, we review some of
its features in the appendix A. It is well known that this theory is equivalent to an SL(2,R)×SU(2)-
WZNW model, and this particular model has two maximally solvable subalgebras generated by
{V3, V−,K3} and {V¯3, V¯−, K¯3}. Therefore, any perturbation defined by these generators is exactly
marginal.
We have a list of possible marginally relevant deformations of the SL(2,R) WZNW-model
δ−+S =
η
2pi
∫
d2zL−(z)R¯+(z¯) , δ+−S = η
2pi
∫
d2zL+(z)R¯−(z¯)
δ3+S =
η
2pi
∫
d2zL3(z)R¯+(z¯) , δ+3S = η
2pi
∫
d2zL+(z)R¯3(z¯)
δ++S =
η
2pi
∫
d2σL+(z)R¯+(z¯) ,
(5.3)
where the currents are
L3 = k (∂u+ cosh 2ρ∂v) , L± = k (∂ρ± i sinh 2ρ∂v) e∓i2u ,
R3 = k (∂¯v + cosh 2ρ∂¯u) , R± = k (∂¯ρ± i sinh 2ρ∂u) e∓i2v , (5.4)
and the familiar OPEs are given by
L3(z)L±(w) ∼ ±L
±(w)
z − w R
3(z¯)R±(w¯) ∼ ±R
±(w¯)
z¯ − w¯
L3(z)L3(w) ∼ − k
2(z − w)2 R
3(z¯)R3(w¯) ∼ − k
2(z¯ − w¯)2 (5.5)
L+(z)L−(w) ∼ k
(z − w)2 +
2L3(w)
z − w R
+(z¯)R−(w¯) ∼ k
(z¯ − w¯)2 +
2R3(w¯)
z¯ − w¯ .
35
It has been argued in [44] that the coefficients cab may be interpreted as the non-diagonal
elements of an r-matrix one can engineer as a solution of the Classical Yang-Baxter Equation. In
particular, the example 4.3.4 of [38] corresponds to the r-matrix
r = − 1√
2
V+ ∧
(
V3 + V¯3
) ⇔ δ+3S = η
2pi
∫
d2zL+(z)R¯3(z¯) , (5.6)
and we notice that the perturbation by the operator O(z, z¯) = ηL+(z)R¯3(z¯) is not only marginally
relevant, but also (classically) integrable by the arguments of [44]. With this deformation we can
now (try to) apply the techniques we developed in previous sections regarding the existence and
algebraic relations of the nonlocal charges.
As we said before, the deformed nonlocal fields are defined in terms of a new gauge-valued
field A obtained from its dynamical equations (3.12a) or, equivalently, from (3.12b). For example,
if we assume the marginally relevant operator O(z, z¯) = ηL+(z)R¯3(z¯), it is straightforward to
show that equations (3.12b) are
∂∂¯X+ = ηX+Y + , ∂∂¯X− = −ηX+Y − , ∂∂¯X3 = 0 (5.7a)
and
∂∂¯Y + = 0 , ∂∂¯Y − = 2ηX3Y 3 , ∂∂¯Y 3 = −ηX+Y 3 , (5.7b)
where Xa ≡ ∂Aa and Y a ≡ ∂¯Aa for a = ±, 3. With the solution for these equations for the
components Aa we can directly characterize the nonlocal currents La and R¯a and their algebraic
properties.
5.2 Comments on holographic T T¯ and T J¯
Certain irrelevant and integrability preserving deformations, called T T¯ - and T J¯-deformations,
have been studied initially in [63–67]. As we know, the subject of the present work is essentially
marginal deformations of field theories; consequently, the perturbations defined by Zamolodchikov,
Smirnov and Guica may seem absolutely unrelated to the current discussion. Here the magic
of AdS/CFT comes into play. It has been suggested that certain marginal deformations of the
string worldsheet theory, which is defined by the gravity dual to the undeformed holographic
CFT, encompasses all essential features of these T T¯ and T J¯-deformations [78–83].
More specifically, given a 2D QFT, not necessarily conformal, we can define the following
irrelevant operator of weight (2, 2)
T T¯ (x) = lim
y→x
(
T (y)T¯ (x)−Θ(y)Θ¯(x)) , (5.8)
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where T , T¯ , Θ and Θ¯ are the components of the stress-energy tensor, which must satisfy the
conservation law
∂x¯T = ∂xΘ¯ , ∂xT¯ = ∂x¯Θ. (5.9)
Observe that this irrelevant operator is universal in the sense it can always be defined, since this
object only depends on the stress-energy tensor.
When we have a theory with (at least) a SL(2,R) × U(1) symmetry, one can define the
following (2, 1)-irrelevant operator
JT¯ (x) = lim
y→x
(
J(y)T¯ (x)− J¯(y)Θ(x)) , (5.10)
where the conservation law for the current must also be satisfied
∂J¯ + ∂¯J = 0 . (5.11)
From the holographic viewpoint, we may also study this deformation from a stringy perspective.
As usual, when the two dimensional CFT is holographic dual to a string background of the form
AdS3 ×N , where N is a compact space, its T T¯ and T J¯ deformations above should correspond to
a double trace perturbation. Consequently, these deformations change the boundary conditions of
the theory [114,115]. Quite remarkably, the authors of [78–81], see also [83], argue that there are
single trace deformations of the AdS3 strings which reproduce the essential (or all?) features of the
T T¯ and T J¯ deformations. These single traces operators are exactly what we need to implement
our ideas on the existence and algebra of the nonlocal charges.
Let us concentrate on the T T¯ deformations since the T J¯ follows similar reasoning. It has
been shown that the T T¯ perturbation in the boundary CFT is equivalent, from the worldsheet
perspective, to
δLws = −ηL−(z)R¯−(z¯) . (5.12)
One should notice that this transformation is, indeed, exactly marginal since it does not belong
to the maximally soluble subalgebra specified in the previous section. Evidently, in this particular
case, the limitation of our analysis is much more noticeable.
In the Wakimoto representation of the AdS3 strings, we have the Lagrangian
Lws = β∂¯γ + β¯∂γ¯ + ∂φ∂¯φ−
√
2
k
Rˆφ− e−
√
2
k
φ
ββ¯ , (5.13)
where we have written explicitly the βγ-system which may be appropriately bosonized as
γ = iφ− β = i∂φ+
γ¯ = iφ¯− β¯ = i∂¯φ¯+ where φ+(z)φ−(w) ' ln(z − w) ,
(5.14a)
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and now we can use the Coulomb gas formulation machinery. One can think of the bosonized
fields in terms of the scalar field Φ(z) = φ+(z) + φ−(z).
The boundary T T¯ deformed theory is equivalent to the worldsheet theory
Lws = β∂¯γ + β¯∂γ¯ + ∂φ∂¯φ− 2
α+
Rˆφ−
(
η + e
− 2
α+
φ
)
ββ¯ , (5.15)
in such a way that this new theory is not SL(2,R)× SL(2,R) invariant anymore, therefore one
could expect that the nonlocality of the deformed theory should be summarized in terms of the
new scalar field Φ˜ = Φ + λ(non-local). Unfortunately, we have not been able to define the
expressions for the nonlocal terms for exactly marginal deformations. The recent discussions of
these issues (at the classical level) in terms of O(d, d) transformations may be the correct direction
to address this problem, and it is an interesting direction to explore [42,112].
At any rate, one needs to ensure that the net effect of the nonlocality is summarized in the
algebraic discussion of section 4. The fact that the resulting theory is still a CFT imposes several
constraints to the braiding matrix and in particular, we have the following OPE product matrix
[J αJ β] = [J α]⊗ [J β] =

LaLb 0 0 0
0 0 0 0
0 0 0 0
0 0 0 R¯a¯R¯b¯
 , (5.16)
since Ha = Ka¯ = 0, and evidently we have the usual decomposition between holomorphic and
anti-holomorphic sectors in the Hilbert space. As a direct consequence we have the regularity of
the following OPEs LaR¯b¯ = 0 and R¯a¯Lb = 0. These constraints great simplifies the computation
of the R-commutators (4.5b)
[Qa,Qb]R = Q̂a(Qb)
[Qa,Qb¯]R = [Qa¯,Qb]R = 0
[Qa¯,Qb¯]R = Q̂a¯(Qb¯) .
(5.17)
As we said before, the methods we tried to define in this paper do not seem to be strong enough
to address exactly marginal deformations. As a sad consequence, we are unable to compute, or
at least to give a way to calculate the nonlocal charges above. Incurring the risk of repeating
ourselves, the JJ¯ deformations are better described by O(d, d) transformations, and recently
the deformed theory nonlocality has been addressed in [42], we see that integrability also plays
an important role there. We can certainly explore those directions to understand the quantum
algebra of these deformations, and we hope to study these points in a future work.
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6 Conclusions
In spite of their ubiquitousness in field theories, nonlocal charges are still difficult to explore,
specially due to the absence of general methods to define them. In integrable theories, these are
usually related to the Yangian symmetry which is believed to be an alternative to the inverse
scattering method in the study of integrability. For generic quantum theories, it is not clear the
role played by nonlocal charges, when one can define these objects and how we can use them. In
this paper we tried to address these problems using very unsophisticated and primitive methods,
such as OPEs and brute force constraints imposed by physical arguments. Perhaps with the
developments of string theory, one may use its methods to address these questions properly.
After a brief review in section 2, we started our analysis of nonlocal charges in section 3 with
the definition currents directly from the deformations of free scalar representations of conformal
theories. This method is a simple generalization of what has been done by LeClair and Bernard [61].
On the other hand, the applicability of this approach is very limited and it represents an evident
drawback of this technique.
In the same section we dared to apply the idea to the currents themselves, and not in the
fields defining them. These objects are written in terms of a new algebra valued field A, and from
it we addressed the algebraic properties of the deformed charges in section 4. We tried to find a
handful of constraints imposed by physical conditions. Most of the analysis we performed in this
work are extremely incipient, and should be obviously extended or modified to be useful in the
precise definition of the algebra of nonlocal charges.
The case of marginally relevant operators is easier to study, in particular because we were
able to use some known methods developed by Zamolodchikov in the 80s [62], but even in this
simplified context the calculations become involved very fast. In section 5 we tried to show how
the nonlocal charges may appear in the calculation of pure NS-NS AdS3 integrable deformations
in type IIB string theory.In order to complete the calculations we need to solve a system of PDE
for the coefficients Aa, a = ±, 3, which are important in the definition of the deformed currents.
It is just a technical problem that may eventually be solved.
When the deformation is exactly marginal the situation is even harder. In this particular
scenario, the deformed objects L and R¯ become nonlocal under deformation as expected, but
they preserve their chirality, and it necessarily implies that Ha(t, x) = 0 and Ka¯(t, x) = 0 despite
the fact that η 6= 0.
Another important point we did not discuss in the current paper is the role of these charges,
their physical meaning and how they act on the theory itself. As a matter of fact, these problems
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are poorly defined, but one may use as a guide the recent ideas on the role of Yangians in the
action and correlation functions of the N = 4 Super Yang Mills [54,116,117]. At any rate, it is
not obvious to what extent those methods can be generalized to other theories.
There are many doable and immediate problems to be addressed in a finite time. Most of
the calculations of section 3 should be properly done, in particular for the cases of non-simply
laced Lie algebras. This is, evidently, a rather mechanical work but in the process of opening the
calculations one may have interesting insights. Much more important is to look for a stronger
prescription for the definition of the R matrix. In the present work we considered it as an
input, but it is evidently a very unsatisfactory situation, since it should be a consequence of the
deformation itself, as in our example of Yang-Baxter deformations. Another interesting aspect is
to understand if we can consider the right hand side of equation (4.37) as topological charges, if
we can write it in terms of the original nonlocal charges, or even a more exotic situation.
For integrable deformation, there are better tools to handle the existence and properties of
the nonlocal charges [42], but for generic deformations one may try to use (and extend) some of
the ideas we explored in this paper. New ideas are certainly needed, and we hope to report new
results in future publications.
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A AdS3 Strings
In order to make the paper self-contained, we review the main features of strings propagating in
the AdS3 × S3 background supported by a B-field. We start with the sigma-model description of
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this geometry2
ds2 =
1
z2
(
dz2 − dudv)+ 1
4
[
dφ23 + cos
2 φ3dφ
2
1 + (dφ2 + sinφ3dφ1)
2
]
(A.1a)
B =
du ∧ dv
z2
− 1
2
sinφ3dφ1 ∧ dφ2 . (A.1b)
Isometries of the AdS3 metric are defined by the following Killing vectors
k0 = u∂u +
z
2
∂z , k+1 = ∂u , k−1 = −u2∂u − z2∂v − uz∂z
k˜0 = −v∂v − z
2
∂z , k˜−1 = ∂v , k˜+1 = −v2∂v − z2∂u − vz∂z ,
(A.2a)
which satisfy the following commutation relations
[ka, kb] = −f cab kc , [k˜a, k˜b] = −f cab k˜c (A.2b)
where f cab are the structure constants of two copies of the algebra sl(2,R),
[s0, s±1] = ±s±1 , [s+1, s−1] = 2s0
[s˜0, s˜±1] = ±s˜±1 , [s˜+1, s˜−1] = 2s˜0 .
(A.3)
For each Killing vector field above, we have the transformation (no sum in the index a)
δaX
m = aka(X
m)
δaG = aLka(G) = 0
δaB = aLkaB
= a
1
2
(kpa∂pBmn + ∂mk
p
aBpn + ∂nk
p
aBmp) dX
m ∧ dXn ≡ −adJa ,
(A.4a)
and
δ˜aX
m = ˜ak˜a(X
m)
δ˜aG = ˜aLk˜a(G) = 0
δ˜aB = ˜aLk˜aB
= ˜a
1
2
(
k˜pa∂pBmn + ∂mk˜
p
aBpn + ∂nk˜
p
aBmp
)
dXm ∧ dXn ≡ −˜adJ˜a ,
(A.4b)
where Lv is the Lie derivative along the vector v.
The worldsheet action
S =
T
2
∫
d2σ∂Xm(Gmn +Bmn)∂¯X
n (A.5a)
2Comparing with the notation of [44], we have u ≡ x+ and v ≡ x−.
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explicitly gives
S =
k
2pi
∫
d2σ
(
1
z2
(
∂z∂¯z − ∂v∂¯u)+ 1
4
∂φi∂¯φi +
1
2
∂φ2∂φ1 sinφ3
)
, (A.5b)
where we have used the following definitions for the worldsheet coordinates
σ = σ0 + σ1 , σ¯ = σ0 − σ1 , ∂ = ∂σ , ∂¯ = ∂σ¯
ησσ¯ = ησ¯σ = −2 , σσ¯ = −σ¯σ = −2 , dσ = 1
2
dσdσ¯ .
(A.5c)
The Noether currents are obtained from the variation
δaS =
T
2
∫
d2σ
[
(∂a)k
m
a (Gmn +Bmn)∂¯X
n + ∂Xm(Gmn +Bmn)k
n
a (∂¯a) + ∂X
mδaBmn∂¯X
n
]
.
(A.6)
We can simplify the notation of this expression with the following currents
Ja ≡ Ja,+ = kma (Gmn −Bmn)∂Xn
J¯a ≡ Ja,− = kma (Gmn +Bmn)∂¯Xn .
(A.7)
We also need to calculate the last term in (A.6). Given that LaB = −dJa, then
δaB =
1
2
δaBmndX
m ∧ dXn = −ad (Ja,ndXn)
= −ad
(
Jadσ + J¯adσ¯
)
= −1
2
a (∂mJa,n − ∂nJa,m) dXm ∧ dXn .
(A.8a)
Moreover, we notice that
δaB = 2δaBmn∂X
m∂¯Xn
(
1
2
dσ ∧ dσ¯
)
= 2∂XmδaBmn∂¯X
nd2σ ≡ 2δaBσσ¯d2σ .
(A.8b)
Integrating this expression we have∫
d2σ∂XmδaBmn∂¯X
n =
1
2
∫
δaB =
1
2
∫
da ∧ Ja
=
∫
d2σ
(
∂aj¯a − ∂¯aja
)
,
(A.9a)
where Ja = jadσ + j¯adσ¯ with
ja = Ja,m∂X
m , j¯a = Ja,m∂¯X
m . (A.9b)
Putting all these facts together, we have
δaS =
T
2
∫
d2σ
[
(∂a)
(
J¯a + j¯a
)
+ (∂¯a) (Ja − ja)
]
. (A.10)
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Therefore, the Noether’s currents can be written as
Ja,± = Ja,± ± ja,± . (A.11)
Similarly, we have
J˜a,± = J˜a,± ± j˜a,± . (A.12)
Strings propagating in the AdS3 background can also be described as an SL(2,R) WZNW
model. We want to show now that the sigma model currents we obtain in both descriptions are
equal, and it settles the equivalence of these descriptions. We shall start with the calculation of
ja,±, then:
§1 Let us first calculate the current associated to δ0S = 0. In this case, we have
δ0B = 0 , (A.13)
then
J0,± = J0,± = km0 (Gmn ∓Bmn) ∂±Xn . (A.14)
Therefore
J0,+ ≡ J0 = −u∂v
z2
+
∂z
2z
=
−u∂v + z∂z
z2
− 1
2
∂ ln z
J0,− ≡ J¯0 = 1
2
∂¯ ln z .
(A.15)
The important point is that these currents do not agree with the chiral currents we obtain
in the WZNW model. But one can gauge the field B so that one of these currents agree
with the chiral current that one obtains from the WZNW model
J0 =
1
z2
(z∂z − u∂v) . (A.16)
In other words, we suppose B → B + dΛ, so that LaΛ = −Ja. We will find
J ′0,± = J0,± ± jΛ0,± , (A.17)
and we conclude that
jΛ0,+ =
1
2
∂ ln z , jΛ0,− =
1
2
∂¯ ln z ⇒ JΛ0 = −Lk0Λ =
1
2
d ln z , (A.18)
and from this expression, we notice that
J0,+ ≡J0
J0,− ≡ 0 .
(A.19)
where we drop the prime.
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§2 Next, we want δ+1S = 0, where
δ+1B = 0 , (A.20)
then
J+1,± = J+1,± = km+1 (Gmn ∓Bmn) ∂±Xn . (A.21)
Therefore
J+1,+ ≡ J+1 = −∂v
z2
J+1,− ≡ J¯+1 = 0 ,
(A.22)
and this time, these objects are equal to the currents coming from the WZNW model. In
this case we have
jΛ+1,+ = 0 , j
Λ
+1,− = 0 ⇒ J+1 = −Lk+1Λ = 0 , (A.23)
§3 Finally, we can repeat the calculations for δ−1S = 0. Therefore
δ−1B =
−1
z
dz ∧ du = −1
(
∂ ln z∂¯u− ∂¯ ln z∂u) dσ ∧ dσ¯
=
[−(∂¯−1)u∂ ln z + ∂¯(−1u∂ ln z) + (∂−1)u∂¯ ln z − ∂(−1u∂¯ ln z)]dσ ∧ dσ¯ . (A.24)
The boundary term can be neglected and we conclude that
j−1,+ = u∂ ln z , j−1,− = u∂¯ ln z . (A.25)
Given that δB 6= 0, the currents
J−1,± = km−1 (Gmn ∓Bmn) ∂±Xn ± j−1,± (A.26)
give
J−1,+ = u
2∂v
z2
− u∂z
z
+ u∂ ln z
J−1,− = ∂¯u− u∂¯z
z
− u∂¯ ln z .
(A.27)
Evidently we need to consider the gauge transformation B → B + dΛ to obtain the chiral
current
J−1 =
u2∂v
z2
− 2u∂z
z
+ ∂u . (A.28)
Given that L−1Λ = −J−1, then
J ′−1,± = J0,± ± jΛ0,± , (A.29)
and from this expression we have
jΛ−1,+ = −2
u∂z
z
+ ∂u , jΛ−1,− = −2
u∂¯z
z
+ ∂¯u . (A.30)
Using these expressions, we can find the gauge Λ and consequently the new B-field. Once we
obtain the explicit expression for the B-field, the equivalence of the sigma model description of
the AdS3 strings and the SL(2,R) is completely settled.
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